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Abstract 

For a mixed stochastic differential equation involving standard Brownian motion 
and an almost surely Holder continuous process Z with Holder exponent 7 > 
1/2, we establish a new result on its unique solvability. We also establish an 
estimate for difference of solutions to such equations with different processes Z 
and deduce a corresponding limit theorem. As a by-product, we obtain a result 
on existence of moments of a solution to a mixed equation under an assumption 
that Z has certain exponential moments. 
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Introduction 

In this paper we study the following mixed stochastic differential equation: 

X t =X Q + f a(s,X s )ds+ f b(s,X s )dW s + f c(s,X s )dZ s , t e [0,T], (1) 
Jo Jo Jo 

where W is a standard Wiener process, and Z is an almost surely Holder con- 
tinuous process with Holder exponent 7 > 1/2. The processes W and Z can be 
dependent. 

The motivation to consider such equations comes, in particular, from finan- 
cial mathematics. When it is necessary to model randomness on a financial 
market, it is useful to distinguish between two main sources of this randomness. 
The first source is the stock exchange itself with thousands of agents. The noise 
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coming from this source can be assumed white and is best modeled by a Wiener 
process. The second source has the financial and economical background. The 
random noise coming from this source usually has a long range dependence 
property, which can be modeled by a fractional Brownian motion B H with the 
Hurst parameter H > 1/2 or by a multifractional Brownian motion with the 
Hurst function uniformly greater than 1/2. Most of long-range-dependent pro- 
cesses have one thing in common: they are Holder continuous with exponent 
greater than 1/2, and this is the reason to consider a rather general equation 

Equation ([TJ with Z = B H , a fractional Brownian motion, was first con- 
sidered in [2| , where existence and uniqueness of solution was proved for time- 
independent coefficients and zero drift. For inhomogeneous coefficients, unique 
solvability was established in 0] for H G (3/4, 1) and bounded coefficients, in 
[1] for any H > 1/2, but under the assumption that W and B H are indepen- 
dent, and in [5| for any H > 1/2, but bounded coefficient b. In this paper we 
generalize the last result replacing the boundedness assumption by the linear 
growth. 

There is, however, an obstacle to use equation ([T]) in applications because it is 
very hard to analyze with standard tools of stochastic analysis. The main reason 
for this is that the two stochastic integrals in ([1]) have very different nature. The 
integral with respect to the Wiener process is Ito integral, and it is best analyzed 
in a mean square sense, while the integral with respect to Z is understood in a 
pathwise sense, and all estimates are pathwise with random constants. So there 
is a need for good approximations for such equations. One way to approximate 
is to replace integrals by finite sums, this leads to Euler approximations. For 
equation ([1]) such approximations were considered in 0] , where a sharp estimate 
for the rate of convergence was obtained. Another way is to replace process Z 
by a smooth process Z, transforming equation ([T]) into a usual Ito stochastic 
differential equation with random drift a(s, x) + c(s, x)Z' s , Since there is a well- 
developed theory for Ito equations, such smooth approximations may prove very 
useful in applications. 

The paper is organized as follows. In Section 1, we give basic facts about 
integration with respect to fractional Brownian motion and formulate main 
hypotheses. In Section 2, we establish auxiliary results. As a by-product, we 
obtain a result on existence of moments of a solution to a mixed equation under 
an assumption that Z has certain exponential moments, which is satisfied, for 
example, by a fractional Brownian motion with Hurst parameter H > 3/4. 
Section 3 contains the result about existence and uniqueness of solution to 
equation ([T]). In Section 4, we estimate a difference between two solutions of 
equations (JT|) with different processes Z and deduce a limit theorem for equation 
|T]) from this estimate. 

1. Preliminaries 

Let (O, J 7 , {^tltgjo t] be a complete probability space equipped with a 
filtration satisfying standard assumptions, and {Wt,t G [0,T]} be a standard 
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J^-Wiener process. Let also {Z t ,t 6 [0, T}} be an .F t - adapted stochastic process, 
which is almost surely Holder continuous with exponent 7 > 1/2. We consider 
a mixed stochastic differential equation (|T|). The integral w.r.t. Wiener process 
W is the standard Ito integral, and the integral w.r.t. Z is pathwise generalized 
Lebesgue-Stieltjes integral (see 0,0), which is defined as follows. Consider two 
continuous functions / and g, defined on some interval [a, b] C K. For a € (0, 1) 
define fractional derivatives 

/ n i- a \, s ( g(x) f b g(x)-g(u) J \ 

Assume that D" + f 6 L\[a, b], Dlz a gb~ S Loo[a,2>], where gi,-(x) = g(x) — 
g(b). Under these assumptions, the generalized (fractional) Lebesgue-Stieltjes 
integral J Q b f{x)dg{x) is defined as 



f(x)dg(x) = e*™ / {D« + f)(x)(Dlz a g^)(x)dx. (2) 

J a 

In view of this, we will consider the following norms for a G (1 — H, 1/2): 



Il/ll2,a;t = / Wf\L,s9(t,s)ds, 
Jo 

ll/lloo,a;t = SU P ll/lla;«> 

«e[o,t] 

where g(t, s) = s~ a + (t— s) _a_1 / 2 and 

n/iu = i/(*)i+ tim-mnt-sr^ds. 

Jo 

Also define a seminorm 



o<«<«<* V ( u _ w) 1_Q 



lo,a:t = SU P ( — rTTTTT" + / — -WT7T dz 



Recall that by our assumption Z is almost surely 7-Holder continuous with 
7 > |. Hence it is easy to see that for any a S (1 — 7, 1/2) 

sup |(r>i: a Zt_)(«)|<||z|| 0it <cx). 

0<u<t><* 

Thus, we can define the integral with respect to Z by ((2|), and it admits the 
following estimate for < a < b < t: 



b 

f(s)dZ s 



< C a \\Z\\ 0)t J ( \f(s)\ (s-a)- a +£ \m - f(z)\ (s-zy-^da. 

(3) 
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for any a G (1 — 7, 1/2), t > 0, u < v < t and any / such that the right-hand 
side of this inequality is finite. 

We will assume that for some K > and for any t, s G [0, T], x,y G R, 
> 1/2 

|a(i,a;)| + |&(t,x)| + \c(t,x)\ < K(l + \x\), \d x c(t,x)\ < K, 
\a(t,x) - a(t,y)\ + \b(t,x) - b(t,y)\ + \d x c(t,x) - d x c(t,y)\ < K\x - y\, 
|a(s, x) — a(t, x)\ + \b(s, x) — b(t, x)\ + |c(s, x) — c(t, x)\ + \d x c{s, x) — d x c{t, x)\ < K\s — t\ 

(4) 

It was proved in [fj that equation (fTJ) is uniquely solvable when these assump- 
tions hold and if additionally b is bounded: for some K\ > 

\b(t,x)\<Ki. (5) 

The reason for us to formulate this assumption individually is that we are going 
to drop this assumption. 



2. Auxiliary results 

Lemma 2.1. Let g : [0, T] — > R be a j-Holder continuous function. Define for 
e > g"(t) = e- 1 J^ t _ s g(s)ds. Then for a G (1 - 7, 1) 

where K 1 {g) — sup 0<s<t<T \g(t) — g(s)\ j{t — s) 7 is the Holder constant of g. 

Proof. Without loss of generality assume that g(0) = 0. To simplify the nota- 
tion, assume that g(x) = for x < 0. Take any t, s G [0,T]. For \t — s\ > e 



W)-g e (t)-g(s) + g s (s)\^e- 1 



t-e 



(g(t) - g{u))du (g(s) - g{v))dv 



(t — uY'du 



t-e 



< K^e- 1 
for \t — s\ < e 

\g(t) - g*(t) - g(s) + g s (s)\ < \g(t) - g(s)\ + e" 1 
consequently 



(s — v) 1 dv 



< CK 7 (g)e~<; 



(g(t + u) — g(s + u))du 



<CK 7 (g)\t 



\g(t) - g s (t) - g(s) + g E (s)\ < CK^(g)(s A \t - s\ )' 



(0) 



Now write 



\\9-9 £ \\ . a :T<^ + B e 
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where 

A e _ lff( M ) ~a e i u ) ~ a{y)+9 e {v)\ 

I\ — blip 1 _ 

o<u<t><r [v-uy a 

u) a - x {eN\v-u\ 
v g(u) - g 6 (u) - g(x) + g £ (x) 



<CX 7 (.g) sup (v-u) a - 1 (eA\v-u\)' < <CK^(g)e' l+a ~ 1 , 

0<u<v<T 



B e = sup 

0<u<v<T 



(x — u) 



2-a 



dx 



0<u<v<TJu {x-u) 2 a 

< CK 7 (g) sup ({v - u) A e) 7+0-1 < CK 1 (g)ei +a - 1 . 

0<u<v<T 



<CK 7 (g) sup / ^ J -^-dx 



□ 



Corollary 2.1. Let g : [0,T] — > M fee a ^-Holder continuous function with 
g(0) — 0. There exists a sequence of continuously differentiable functions {g n , n > 
1} swc/i that for any a £ (1 — 7, 1) \\g — g n \\o a -T ®> n ~ * 00 ■ One possible 



n —¥ 00. 



choice of such sequence is g n {t) — a n l J ovt _ a g(s)ds, where a n I 0. 

Further throughout the paper there will be no ambiguity about a, so for the 
sake of shortness we will usually abbreviate ||/|| t = ||/|| Q . t and H/H^j = ||/|| XQ -t) 
where x 6 {0, 2, 00}. 

Lemma 2.2. Under assumptions ((4|) and (|5|) 

ll*llt < C \\Z\\ 0jt (l + J* \\X\\ S (s- a + (t- s)- 2 ^ + I b (t), 
where I b {t) = ||/ b(s,X s )dW s \\ r 

Proof. Write \\X\\ t < \X Q \+ I a {t) + I b (t) + I c (t), where J (t) = ||/ a(a, X.)<fe|| t . 
J c (i) = ||/q c(s, X a )dZ a || . Denote for shortness A = ||Z|| ot . 
Estimate 

I a (t)<c( [ \a{s,X s )\ds+ [ f la^X^lduit-s)- 1 -^ 



10 Js 
ft rt 

-l-a. 



~ C {L ( 1 + l Xs D ds + / J (± + \Xu\)du{t-s) 1 "ds 
~ C i 1 + Io |Xs|ds + / \Xu\(t-u)- a du^J <c(l + \\X\ JI -.s)-V/.s 
Further, 

Ic(t) 
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where 



I'M = 



I c(s,X s )dZ s 
Jo 



< CA 

< CM 1 



i + \x s \) s - a ^ 

t 

\\XLs- a ds 



\X s -X u \(s-u)- 1 - a du^jds 



n 



< CA 



Js 



J " (<) = l is °^ Xu)dZv 

(l + \X V \ (v - s y a + \X V -X z \(v- z)- l - a dz\dv(t - sy^ds 
<Ck(l + j J \\X\\ V {v - s)- a dv(t - s)- 1 "^ 
f* \\X\\ V J\v - s)- a (t - s)- l - a ds dv^j < CA(l + jf* \\X\\ V (t - v)- 2a dv^j . 



Combining these estimates, we get 



11*11, < CA(l + J* \\X\\ s (b-° + (t- S )- 2a )d s ^j + I b {t). 



Proposition 2.1. Under assumptions (j4]) ; §5§ and 



exp 



{a\\Z\\lf-^} 



< oo, 



□ 



(7) 



all moments of X are bounded, moreover, E 



< oo for all p > 0. 



Proof. By the generalized Gronwall lemma from [6J it follows from Lemma 
that 

||X[[ t <C7||Z|| 0it sup ^(^explcilZll^ 1 - 2 ^}, 



whence 



I*IL,t<^II^IIo,t ™p I b (s)e^p{c\\Z\\lf- 2a) }, 
' se[o,r] 1 > 



whence the assertion follows, as all moments of sup s£ [ T j h(s) are bounded due 
to the Burkholdcr inequality and the boundedness of b. □ 

Remark 2.1. The assumption might seem very restrictive. However, it is 
true if Z is Gaussian and a < 1/4 (clearly, such choice of a is possible iff 
7 > 3/4). Indeed, it is well known that if supremum of a Gaussian family is 
finite almost surely, than its square has small exponential moments finite, so 
we have (O since 1/(1 — 2a) < 2. Examples of such processes are fractional 
Brownian motion with Hurst parameter H > 3/4 and multifractional Brownian 
motion with Hurst function whose minimal value exceeds 3/4. 
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For N > 1 define a stopping time tjv = inf |t : \\Z\\ Q t > n\ A T and a 

stopped process Zf = Z t /\ TN , denote by X N the solution of ([T]) with Z replaced 
by Z N . 

Lemma 2.3. Under assumptions (j4j) and ([5]) it holds 



X 



N\\P 



\oo,T 



< a 



p,N 



with the constant C Pt N independent of Z and K\ 



X 



N\\P 



\oo,T 



can be deduced from 



Proof. First note that the finitencss of E 

Lemma \2 . 2 1 exactly the same way as Proposition 12. II 

Second, it follows from Lemma 12.21 and the generalized Gronwall lemma 
that 



\\X N \\ <CN sup I b N (s)exp\ctN 1 / < ~ 1 - 2a A < C N sup Jf(s), 
se[0,t] - ' .ern+1 

which implies 



se[o,t] 



|*lL t <^ sup (l b N (s)) P . 

s£[0,t] 



Write 



sup (l b N (t)) P 

»e[o,T] 



where, denoting 6„ — b(u,X, 









p~ 






sup 


fb^dW u 








«6[0,t] 


Jo 







< C p 1 + E 



p/2 



<C P ( 1 



<C P E 



Jo 



-Y 



4' = E 



sup 

se[o,t] VJo 



(s-uy^du 



Obviously, we can assume without loss of generality that p > 4/(1 — 2a). 
It follows from the Garsia-Rodemich-Rumsey inequality that for arbitrary 77 £ 
(0,1/2 -a), u,se [0,t] 



b N z dW z 



\I v J^dw v 



'// 



Jo \x — y 



i/n 



-dx dy 



Setting t) — 2/p, we get 



t /•« I r" ^J H/ IP 



/ I IP/ 2 

Jo |x — 2/| ' 



-dec cfa/ 
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Then, similarly to estimate for I' b , we get 



4 ^E[|f6^| P 



o Jo |ac — 2/| 



P/2 



-da; <iy 







1+ -X" 



A' I 



,)d« 



p/2 



< c, 



t rv 
Jo 



(y - x)p/ 2 + E 



(JI 



Moo,d 



-da; dy 



(y - x)p/ 2 

t y(y- x )P/2 + (y- x )P/-2-l JV E 



o Jo 



X 



N\\P 



dx dy 
dv 



(y - xyi* 



-dx dy 



<C P [1 



t ry fV 



C p I 1 



JO Jx 



o Jo 



X 



X 



AT MP 



JVIIP 



dv(y — x) 1 dvdxdy 



log dv dy 

y-v 



<C P [1 



X 



JVIIP 



dv 



whence 

n <cE[^(tr] sup ( [ (t-s)- 1 / 2 -^-^) <c p [i + 

se[o,t] Vo 
Thus, we have the estimate 



X 



N\\P 



dv 



\ XN \\la.t ^ C N,P ( 1 



X 



N\\P 



dv , 



from which we derive the desired statement with the help of the Gronwall lemma. 

□ 



3. Existence of solution 

Now we prove existence and uniqueness of solution to equation (flj without 
assumption ([5]). As above, we dehne a stopped process Zf = Zt/\ TN , where 
t n = miit : \\Z\\ Qt > n\ A T. Denote by X N the solution of (TJ with Z 
replaced by Z N . 

Theorem 3.1. If the coefficients of equation ([1]) satisfy conditions then it 
has a unique solution X such that H-X"^ T < oo a.s. 
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Proof. For integer N > 1, R > 1 denote X N,R the solution of equation ([T]) with 
process Z replaced by Z N and coefficient 6 replaced by bf\(K(R+l))\/(— K(R+ 
1)) (we will call it an (N, i?)-cquation). Let also tn,r = inf |i : X^' R > A 

T. We argue that Xf' R ' = Xf'^" a.s. for i < rjv,R' A rjv,fi». 

For brevity define Y t . s = Y t — Y a and denote h(t,s) — (t — s) _1 ~", l t = 
lt<T N r /At n r ,i ■ All the constants in this step may depend on N and R' , R" . 

Write 



(X t N > R ' - X^ R ")l t 



C a A (s)ds + f b A (s)dW s + f c A (s)dzAl t 

'0 JO JO J \o) 

=: {l a (t)+X b (t)+l c (t)) l t , 



where d A (s) := d(s, X N ' R ) — d(s, X N > R ), d e {a, b, c}. Due to our hypotheses, 
\d A (s)\<C\X»< R ' -X»> R "\. 

Define A t = /„* \\X N ' R ' - X N > R "\\ll s g(t, s)ds. Write 

& t <6(r a +% + r b + q + r c +r t 



where/^ = /* X d (s) 2 l s .g(t, s)ds, = f* (/ Q s |I d (s)-I d (u)|/i(s, u)du) 2 l s g(t, s)ds, 
d G {a, 6, c}. 

By the Cauchy-Schwarz inequality, we can write 



Ia(s) 2 I s < C / \X»> R ' - X»< R "\ 2 l u du < C 



therefore 



Similarly, 



y-N,R' _ yN,R'' 



l u du, 
(9) 



I' a <C [ A s g(t,s)ds. 
Jo 



I"<C 



< c 



\JQ Ju 
t 



\Jo 



X 



\X^ R ' - X^' R " \dv h{s, u)du I l s g(t, s)ds 



N,R _ X N,R \ % ^ s _ y y adv | g ^ s)ds 



<C \X^' R ' -X^' R "\ 2 l v {s-v)- a dvg(t,s)ds < C \ A s g(t,s)ds. 

Jo Jo 

Further, by ©, for s < t 



< C 



l c (s) 2 l s < CN 



\c A (u)\u a du 



\c A (u)\u a + \c A (u) — c A (z)\h(u, z)dz I du 



\c A (u) — c A (z)\h(u, z)dzdu 



t s =: C(J' C + J'J) 
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Analogously to I a 



J',<C 



f 

Jo 



j£N,R' _ j£N,R'- 



l u u a du. 



By Lemma 7.1 of Nualart and Rascanu (2002), the hypotheses (A)-(D) imply 
that for any ti, t 2 , x\, . . . , X4 

\c{t\,Xi)-c(t 2 ,X 2 )-c(ti,X 3 ) + c{t 2 ,X i )\<K\x 1 -X 2 -X 3 +X4,\ 

+K \xi - x 3 \ \t 2 —ti\ +K \xi - x 3 \ (\xi - x 2 \ + \x 3 - X4,\). 
Therefore, 

|ca(«) - c A (z)\ = \c(u,X»> R ') c(z,X^ R ') - c(u,X^ R ") + c(z,X^ R ")\ 



S n\ I vN.R' Y N,R" 



+ X 



N,R' _ j^N,R 



Uu-zf + \X» 



N,R' 



X 



N,R" I / 1 yN,R' I 
u I I I u,z 



+ x. 



N,R" 



Thus, we have 
J" < C 



at I vN.R' Y N,R" I 1 I Y N,R' YN,R"\f., \fi 
\\ X u,z - X u,z \ + \ X u ~ X u \\ u - z ) 



+ \X»> R ' X»> R "\(\X»f\ + \X»f"\))h(u,z)dzl. 



,.du 



<C(H 1 +H 2 ), 



where 



Hi = ( L s £ x " f " 1 + lx " ,R ' x ^ R " 1 {u _ Mm ' z)dzKdu ) 2 

< C f (\\X N > R ' -X N > R "\\1 U + \X»> R ' -X^ R "\t u u^du <C f \\X N ' R '-X 
H 2 = ( jf \X»> R ' X»' R " I £ (\X?f I + \X?f'\)h(u, z)dzl u du S j 2 



< c 



x s,# - X ^ R "\(\\X 



N,R'\ 



+ x 



N,R 



)l u du 



< C(R' + R"f f \X^ R ' - X^ R "\ 2 l u du <C [' \\X N > R ' - X N > R "\\ 2 l u du. 
Jo Jo 



It follows that 



Consequently, 



l c (s) 2 < C 



X 



N,R _ ^N,R 



J u u a du. 



(11) 



I'<C 



/ A s g(t,s)ds. 
Jo 
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Now by © and (fTP) 
/ 



c<nJ^ (^J J f\c A (v)\ {v - u)~ a + J \c A {v) - c A {z)\h(v,z)dz S jdvh(s,u)du S j g(t,s)l s ds 
J (J (\c A (v)\(s-v)- 2a + J^ \c A (v)-c A (z)\h(v,z)(s-z)- a dz^dv^ g(t,s)l s ds 
j* ( jf >*' - " «)" 2Q + [ [\ X vf ~ X«f\ + \X?' R ' - X»< R "\(v - zf 



< C 

< c 



< c 



X N,R' _ 


V 




f 




Jo 


if 

.Jo 


V 




\x 


N,R' 

v,z 



g{t,s)ds 



(\X?< R ' - X»> R "\((s - v)- 2a + (s - v) 2 ^ 2a + (R' + R")(s - v)- 2a ) 

g(t,s)ds<C j A s g(t,s)ds. 



TL„dv 



+ / \X»f - X?f"\h(v, z)dz{s - v)- 
Jo 

Summing up and taking expectations, we arrive to 

E [la + I': + I' C + I"] < C [ E [A s ] g(t, s)ds. 

Jo 



(12) 



Now turn to I' b and I' b 
E [l b (s) 2 l s ] = I 



< C / E 

Jo 



J b A (u)dW^j l s < J E[b A (u) 2 l u ]du 

(x^ R '-x^ R ")H u 



(13) 



du, 



whence 



Further, 



E[4'l= / E 



E[J£] < f E[A a ] g(t,s)ds. 
Jo 

[ E ( [ f b A (v)dW v (s - uy^du) I 

JO \J0 Ju J 



g(t, s)ds 



* l'J> 

Jo Jo 



b A (v)dW v ) I 



(s -u)- 3/2 - a du j (s -u)- 1/2 - a dug(t,s)ds 



£C //Y E 

Jo Jo Ju 



X^ R ' - X^ R "\ 2 1 V ] dv(s - u)-V 2 - a dug(t, s)ds 



<C / E 

Jo Jo 



X^ R ' - X^ R "\ 2 1 V ] (s ~ v)-^ 2 - a dv g(t,s)ds < C / E[A S ] g(t,s)ds. 

-I In 
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Combining this with (IT21 . we get 

E [A t ] < C f E[A S ] g{t,s)ds, 
Jo 



X 



N.R" 



for t < tn A tn.r' A 



whence we get A s = a.s., which implies X t 
Tn,R>- 

This implies, in particular, that t^.r" > t~n,r' a.s. On the other hand, 
almost surely t N-R = T for all R large enough. Indeed, assuming the contrary, 
for some t e [0,T) P(Vi? > 1 t n<r < T) = c > and E [||^ R,JV |U > cR > 
contradicting Lemma 12.31 

It follows that there exists a process {X^ ,t S [0,T]} such that for each 
R > 1 and t < tn.r Xf = X^' R . Hence, it is evident that X N solves |lj with 
Z replaced by Z . 

Since tn increases with N and eventually equals T, we have that there exists 
a process which solves initial equation (Q}. 

Exactly as above, one can argue that any solution to ((TJ is a solution to 
(N, i?)-equation for t < tjv A rjv,H, which gives uniqueness. □ 



4. Limit theorem 

Let coefficients of ([l} satisfy (j4|), and let X be its unique solution. Let also 
X be the solution to stochastic differential equation 

X t = X + f a(s,X s )ds+ f b(s,X s )dW s + J c(s,X s )dZ s , (14) 







o 



where Z is a 7-Holder continuous process. 

As above, for Y £ {Z, Z} define a stopped process Y t N = Yt Arjv , where tm = 

inf |i : ||y|| Q t > AT, and let X N and X N be the solutions to corresponding 



\N,R 



X 



N I 



equations. Denote A t ...... 

* IN lloo,t 

Lemma 4.1. Under assumptions |4|. 



X 



x N -x N 



TL R N,n 
IT T 



< R 



z N -z N 



0,T 



with the constant Cn,r independent of Z, Z. 

Proof. We will use the same notation as in the proof of Theorem 13.11 except 
now Hi = I^jv.r. 



Denote At = fl 



X N -X 



rem 13.11 it can be shown that 



-ttN 



~S- S g{t, s)ds. Exactly as in the proof of Theo- 



E [A t ] < C (c N . R J E [AJ g(t, s)ds + E [I' z ] + E , (15) 
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where 



I'z = J^lz(s) 2 g(t,s)l s ds, I' z = J (J \l z (s)-l z (u)\h(s,u)du^ g(t,s)l s ds, 



l z {t)= / c(s,X s )d(Z s -Z s ). 
Jo 



By ©, on A? ' R 



Iz(s) 2 < C 



z" -z" 


2 ( 


a 


c(u, X u ) 


u- a -+ 


f 




0,T \ 






Jo 



JV N 

c(v, X v ) — c(u, X u ) h(u, v)dv I du 



< C 



< c 



-N 



t{J \ Xu \) u ~ a + J Q {(u-vf + \X U - X v \)h(u,v)dv^jdu S j 

(l + \\X\\ ocs ) 2 l s g(t,s)d S <CR 2 



Z N -Z 



(16) 



Hence, 



Similarly, 



I' 7 < CN 2 



zN 



-N 



z 



N 



-N 



t r ps ps 



O.T 

\c(v,X v )\ {v~u)- a 

2 



+ / |c(w, X v ) — c{z, X z ) | h(v, z)dzj dv h(s, u)dz 



g(t, s)l s ds 



< C 



7N 



0,T 



\\X\\ oov (v -u) a dvh(s,u)du 



g{t, s)l s ds < CR 2 



z N -z N 



Summing these estimates with (|15p . we obtain 



( 


z N -z N 


2 


L 






0,T 





E [A t ] < Cn,r ( Z N ~Z + E [A s ] g(t, s)ds 



whence we get the statement by the generalized Gronwall lemma. 



□ 



The proof of the following fact uses the Burkholder inequality and the same 
ideas as before, so we skip it. 

Corollary 4.1. For N > 1 the estimate holds 



sup \X — X\ T a n,r 
*e[o,T] T 



<C N E 




z N -z N 


2 








0,T T 



with the constant Cn independent of Z , Z. 
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Finally, we formulate a limit theorem for mixed stochastic differential equa- 
tion (JTJ. 

Let {Z n ,n > 0} be a sequence of 7-Holder continuous processes. Consider 
a sequence of stochastic differential equations 



X? = X + / a{s,X , s l )ds+ / b(s,Xl l )dW s + / c(a>X?)dZ?, t€ [0,T]. (17) 



Theorem 4.1. Assume that \\Z — Z n \\ 0T — >• in probability. Then X" — > A t 
m probability uniformly in t. 

Proof. Let = {pr|L )t + U*™^ + ||Z|| at + ||Z»|| 0|t < Jv}, A" = su Pte[0jT] \X? - X t 

For e > write 

P(A" > e) < P ({A" > e} n B^' N \ + P(Q \ B^ N ). 



From the assumption it is easy to see that E 
Then by (|4.1[) we have for any e > 



0, 71 — >• OO. 



P ({A n > e}DB. 



n,N 
T 



0, n — > OO. 



So 



limsupP(A™ > e) < limsup P(fi \ Pj 



(18) 



We know that At(Z) < 00 a.s., so by assumption, ||Z n || 0T are bounded in 
probability uniformly in n. Therefore by Lemma 12. 31 \\X T 



\oo,T 



are bounded 

in probability uniformly in n and H-^Hoox is finite a.s. Consequently, P(Q \ 

P"' iv ) -»• 0, N — > 00 uniformly in n. Thus, we conclude the proof by sending 
iV ^00 in OB. □ 



Remark 4.1. Under the assumptions of Theorem 14.11 we have also the conver- 
gence in probability \\X — X n \\ 2 T —> 0, n — > 00. 
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